We study the electron-electron interaction effects on topological phase transitions by the ab-initio quantum Monte Carlo simulation. We analyze two-dimensional class A topological insulators and three-dimensional Weyl semimetals with the long-range Coulomb interaction. The direct computation of the Chern number shows the electron-electron interaction modifies or extinguishes topological phase transitions.
I. INTRODUCTION
Study of topological phenomena is one of the most active research areas in condensed-matter physics these days. The classification of the possible topological phases has been completed within free fermion theory 1, 2 . However, understanding of the electron correlation effect on such topological phenomena still requires a lot of works in this field. There have been several proposals for the correlation effect on the topological phases, e.g. breakdown of the free theory classification Z → Z 8 (16) 3 , topological Mott insulator 4 and Kondo insulator 5, 6 , fractional topological phases 7, 8 , and so on.
In order to deal with the correlation effect, one often applies the mean-field approximation. This approximation is not reliable under sufficiently large thermal and quantum fluctuations, typically appearing in the vicinity of phase transitions. For example, the mean-field analysis shows an artificial phase transition instead of a correct cross-over behavior, e.g. in the Kondo effect. This implies that we need more reliable methods to deal with the correlation effect, in particular, on the critical phenomena beyond the mean-field approximation. Furthermore, a typical model applied to study the correlation effect is the Hubbard-type model 9 . Since the Hubbard interaction is written as an on-site term, its computational cost is relatively cheap. However, such a short-range interaction is less realistic in the actual electron system than the long-range Coulomb interaction. The quantum Monte Carlo method is an effective choice to take into account both of these important pieces. We remark several quantum Monte Carlo works on graphenes or semimetals with the long-range Coulomb interaction [10] [11] [12] [13] [14] [15] , and also the Chern insulator with the short-range Hubbard interaction [16] [17] [18] .
In this paper, we establish an ab-initio method to investigate topological phase transitions in the presence of the Coulomb-type long-range interaction. Topological phase transitions are caused by topology change, which cannot be described by conventional order parameters of symmetry breaking. We adopt the direct calculation of topological invariant using quantum Monte Carlo method 19 . Based on this approach, we study quantum topological phase transitions of the class A systems both in two and three dimensions involving the long-range interaction. We show that the quantum critical point is shifted due to the interaction effect, and the region exhibiting the non-trivial topological phase gets small. We also show that the averaged topological number takes non-integer value in the vicinity of the topological phase transition. This is interpreted as a consequence of quantum fluctuation around the quantum critical point. This paper is organized as follows. In Sec. II, we introduce the path-integral formalism to calculate the Berry curvature and the Chern number 19 . Using this formalism, we analyze two-dimensional class A topological insulators in Sec. III, and three-dimensional Weyl semimetals in Sec. IV. Finally, we summarize our conclusion in Sec. V.
II. FORMALISM
Let us consider the path integral with imaginary time τ . The path integral is given by the Grassmann integral of spin-up electrons and spin-down electrons,
We consider the action
The non-interacting Dirac operator K 0 (x, τ |x , τ ) is given by
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where the non-interacting Hamiltonian H 0 (x|x ). The matrix V (x|x ) controls the interaction between the spinup electron at x and the spin-down electron at x . The electron-electron interaction is rewritten by the auxiliary field η(x, τ ) through the Hubbard-Stratonovich transformation. The path integral becomes
and the action becomes
with the interacting Dirac operator
The electron propagator is given by the inverse Dirac operator K −1 (x, τ |x , τ ). We remark that the model after the Hubbard-Stratonovich transformation is also interpreted as a system involving the correlated random potential [20] [21] [22] . We define the fixed-momentum electron state
where φ init is arbitrary initial state. This state grows or damps in the imaginary-time direction as
with the n-th electron energy level E n (p) and the n-th unnormalized electron state Φ n (p). Because the ground state energy E 0 (p) is smaller than the excited state energies E n>0 (p), the ground state Φ 0 (p) survives and the excited states Φ n>0 (p) die out in the infinite imaginarytime limit. Thus the ground state is obtained by the projection
up to normalization. In practical simulations, the infinite imaginary-time limit is replaced by finite large imaginary time.
The ground state defines the Berry connection
and the Berry curvature
in the (p i , p j ) plane. In practical simulations, spatial lattice size is finite and thus momentum space is also discretized. The momentum discretization is δp = 2π/L for the spatial lattice size L. The Berry connection and curvature are formulated on this momentum lattice 23, 24 . The Berry connection is given by the link variable
which is an element of local U (1) gauge group. The denominator in the right-hand side is a normalization factor. The Berry curvature is given by the plaquette (13) which is a gauge invariant observable. The symbolp j denotes the unit lattice vector in the p j direction. The Chern number is given by the integral of the Berry curvature
The Chern number takes quantized values depending on the wave function topology. The above formalism can be implemented to quantum Monte Carlo simulation. The Monte Carlo configurations are generated by the standard path-integral Monte Carlo algorithm based on Eq. (4). After that, the Chern number (14) is computed for each configuration. Taking the ensemble average over the configurations, we obtain the quantum expectation value N including interaction effects.
III. TWO DIMENSIONS
We consider the Wilson-Dirac model on the twodimensional cubic lattice, which belongs to the class A topological insulator 1 . The non-interacting Hamiltonian in momentum space is
with the hopping parameter t and the mass parameter m. The corresponding Dirac operator is
The symbolĵ denotes the unit lattice vector in the x j direction. Since a chemical potential is not introduced, the Dirac operator has particle-hole symmetry, and thus the system is half filling. In practical simulations, imaginary time τ is discretized with a small discretization parameter δτ . The discretized action is
with the discretized Dirac operator
Here the imaginary-time derivative is discretized by the Wilson fermion formalism to avoid unphysical doublers 25 . The discretized imaginary-time derivative is similar to the spatial hopping terms, but their coefficients are different. In the non-relativistic Wilson-Dirac model, the coefficients must satisfy δτ 1/t to avoid the unphysical doublers in the imaginary-time direction. At t = 1/δτ , this action corresponds to the relativistic Wilson fermion action. Since the auxiliary field is like the imaginary-time component of the gauge potential in Eq. (16), it is implemented as the imaginary-time component of the link variable in Eq. (18) .
Before the quantum Monte Carlo simulation of the interacting case, we study the non-interacting case. The Dirac operator K in Eq. (7) is replaced by the noninteracting Dirac operator K 0 . The numerical solution is unique and the Monte Carlo sampling is not necessary. The spatial lattice size is L x L y = 16 2 and the number of temporal discretization is L τ = 50. The boundary conditions are periodic in spatial boundaries and anti-periodic in the imaginary-time boundary. The hopping parameter is fixed at t = 0.2/δτ . We have numerically checked the parameter independence of the following results.
The Wilson-Dirac model has quantum phase transitions as the mass parameter changes. In the noninteracting case, the mass dependence of the Chern number is analytically calculated [26] [27] [28] . The results of the numerical simulation and the analytical calculation are shown in Fig. 1 . The numerical simulation completely reproduces the analytical calculation. There are topological insulator phase with N = ±1 in |m/t| < 2 and normal insulator phase with N = 0 in |m/t| ≥ 2. The distribution of the Berry curvature is shown in Fig. 2 . Comparing  Fig. 1 and Fig. 2 , we clearly see the relation between the change of the Chern number and the peak structure of the Berry curvature. The Berry curvature at m/t = 2.5 has a negative peak at (p 1 , p 2 ) = (0, 0) and the Berry curvature at m/t = 1.5 has a positive peak at (p 1 , p 2 ) = (0, 0). This change relates to the gapless mode at (p 1 , p 2 ) = (0, 0) and the topological transition at m/t = 2. In the same way, the peaks at (p 1 , p 2 ) = (0, π) and (π, 0) relates to the transition at m/t = 0, and the peak at (p 1 , p 2 ) = (π, π) relates to the transition at m/t = −2.
Then we introduce the electron-electron interaction by the quantum Monte Carlo method. We adopted the longrange Coulomb interaction
with the short-range cutoff = 0.1δτ to avoid the onsite singularity at x = x . We adopted the quenched approximation, where the quantum effects by fermion loops are neglected, to reduce simulation cost 25 . The quenched approximation is a familiar scheme for the semi-quantitative study in the path-integral Monte Carlo simulation. Even though the Dirac operator is not positive definite, there is no sign problem in the quenched approximation. The simulation parameters are the same as in the non-interacting case.
The Chern numbers in the interacting cases are shown in Fig. 1 . In the weakly interacting case e = 0.2, the phase transition points shift from |m c /t| = 2.0 to |m c /t| ∼ 1.2, and thus the topological insulator phase shrinks. This means that the electron-electron interaction tends to destroy non-trivial topology. We remark that the critical point at m c /t = 0 is not affected by the interaction because it is protected by the inversion symmetry. In the strongly interacting case e = 1.0, non-trivial topology is completely destroyed and only the topologically trivial phase is observed. In this case, we have nonzero condensate ψ ψ := ψ † σ 3 ψ = 0, which is consistent with the the charge-density wave transition in the interacting Haldane model 29 . Another interesting point is the non-integer value of the ensemble average near the phase transition. In Fig. 1 , the data of e = 0.2 show N ∼ 0.4 at m/t = 1.2. While the Chern number N in each configuration is an integer, the ensemble av- 
IV. THREE DIMENSIONS
The above analysis can be applied to Weyl semimetals in three dimensions. We consider the non-interacting Hamiltonian
The structure of momentum space is schematically drawn in Fig. 4 . There are two Weyl points at (p 1 , p 2 , p 3 ) = (0, 0, ±π/2), which play roles of a monopole and an antimonopole. We calculate the Chern number in the (p 1 , p 2 ) plane with p 3 fixed. The Chern number is equal to the number of topological fluxes penetrating the plane. Since the flux exists only between the two Weyl points, we can search the positions of the Weyl points by calculating the Chern number as a function of p 3 . Theoretical formulation is the same as the twodimensional case, except for the existence of the x 3 direction. The action is
with
The auxiliary field is now in three spatial dimensions. Simulation scheme is also the same. The spatial lattice volume is L x L y × L z = 8 2 × 16, and the temporal size is L τ = 50 as before. Other conditions are the same as the two-dimensional case.
The Chern number in the (p 1 , p 2 ) plane as a function of p 3 is shown in Fig. 5 . The point where the Chern number changes is identified as a Weyl point. In the non-interacting case, the Weyl points are located at p 3 = ±π/2. In the interacting case with e = 0.2, the Weyl points shift to p 3 ∼ ±π/4, and with e = 0.3, the Weyl points disappear, which is consistent with the mean-field analysis 32, 33 . Such a shift and breakdown of Weyl points was also discussed with the short-range interaction 34, 35 . In general, when a pair of two Weyl points disappears, there are two possibilities: the formation of one Dirac point or the transition to a normal insulator. We calculated the electron energy levels E n (p) from the exponents of the electron propagator and found nonzero energy gap at p = 0. Thus we conclude that this is a semimetal-insulator transition. Regarding the Chern number at p 3 = 0 as the order parameter of this transition, we draw the phase diagram of this model in Fig. 6 . In the strongly coupling region of e > e c ∼ 0.21, the interaction washes out the Weyl points and induces a normal insulator. 
V. SUMMARY
We studied topological phase transitions by the pathintegral Monte Carlo simulation. Firstly, we analyzed the Wilson-Dirac model in two dimensions. The phase transition point is shifted or vanished by the electron-electron interaction. The quantum fluctuation of the Chern number is observed near the phase transition. Secondly, we analyzed a model of Weyl semimetals in three dimensions. Weyl points are shifted or smeared out by the electron-electron interaction. Although these analyses were done in simple models, the same analysis is possible for more realistic situations. The applications to other lattice structures, other symmetry classes, and other interactions, are straightforward. It would be also interesting to study the edge/surface state using our framework.
Our result predicts that the bulk dispersion is modified due to the interaction effect. Although it is in general difficult to see the bulk spectrum directly, the surface state spectrum can be experimentally observed. In particular for Weyl semimetals, one can detect the Fermi arc and its end point is identified as the bulk Weyl point. In this way it would be possible to observe the shift of bulk spectrum in experiments.
We finally remark that the shift behavior of the topological critical point, shown in this work, has a close connection with the Aoki phase in the lattice QCD 36 , which appears in the interacting lattice fermion system 37 . In the Aoki phase, the (flavor-)parity symmetry is spontaneously broken, and the topological number cannot be defined since it is not gapped anymore. Thus the Aoki phase structure plays an important role in practice to construct a lattice chiral fermion as a topological edge state 38 . One possible way to reduce the Aoki phase region, in other words, to spread the topologically nontrivial region, is the twisted mass formalism 39 . In the context of condensed-matter physics, it could be realized as a spin-dependent mass term, induced by the spin-orbit interaction. This implies that the shift behavior of the topological critical point due to the electron interaction would be suppressed by such a spin-dependent interaction. 
